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Using the fundamental solutions for three-dimensional transversely isotropic magnetoelectroelastic bimaterials, the
extended displacements at any point for an internal crack parallel to the interface in a magnetoelectroelastic bimaterial
are expressed in terms of the extended displacement discontinuities across the crack surfaces. The hyper-singular
boundary integral–diﬀerential equations of the extended displacement discontinuities are obtained for planar interface
cracks of arbitrary shape under impermeable and permeable boundary conditions in three-dimensional transversely
isotropic magnetoelectroelastic bimaterials. An analysis method is proposed based on the analogy between the
obtained boundary integral–diﬀerential equations and those for interface cracks in purely elastic media. The singular
indexes and the singular behaviors of near crack-tip ﬁelds are studied. Three new extended stress intensity factors at
crack tip related to the extended stresses are deﬁned for interface cracks in three-dimensional transversely isotropic
magnetoelectroelastic bimaterials. A penny-shaped interface crack in magnetoelectroelastic bimaterials is studied by
using the proposed method.
The results show that the extended stresses near the border of an impermeable interface crack possess the well-known
oscillating singularity r1/2±ie or the non-oscillating singularity r1/2±j. Three-dimensional transversely isotropic mag-
netoelectroelastic bimaterials are categorized into two groups, i.e., e-group with non-zero value of e and j-group with
non-zero value of j. The two indexes e and j do not coexist for one bimaterial. However, the extended stresses near the
border of a permeable interface crack have only oscillating singularity and depend only on the mechanical loadings.
 2007 Elsevier Ltd. All rights reserved.
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Magnetoelectroelastic materials are ﬁnding more and more applications in many areas such as electron-
ics, laser, supersonics, infrared, microwave, and so on, due to their coupling eﬀect among the mechanical,0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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such as inclusion, void, crack, etc., in the materials and structures. So the study of cracks in magnetoelec-
troelastic materials and structures has been attracting more and more eﬀorts (e.g., Huang et al., 1998; Gao
et al., 2003a; Wang and Mai, 2003; Tian and Rajapakse, 2005; Zhao et al., 2006a,b, 2007). The inﬂuences of
diﬀerent electric and magnetic boundary conditions on crack faces on solutions were investigated (Gao
et al., 2004; Zhao et al., 2006a,b, 2007; Wang and Mai, 2007). Laminated composite structures of these
materials are often used to enhance the coupling eﬀects. In such case, interfacial fracture is one of the major
failure modes in these composite structures. Therefore, interface cracking of magnetoelectroelastic bimate-
rials has drawn much attention. For example, Gao et al. (2003b) considered a generalized two-dimensional
problem of an interface crack between two dissimilar magnetoelectroelastic solids under permeable condi-
tion and general loading. Gao and Noda (2004) derived an explicit analytic solution of an interface crack
in a two-dimensional magnetoelectroelastic bimaterial system under uniform heat ﬂow at inﬁnity. By using
Schmidt method, Zhou et al. (2004) discussed the behavior of two symmetric interface cracks in magneto-
electroelastic bimaterials under anti-plane shear stress loading. Feng and Pan (accepted for publication)
investigated the anti-plane problem for an interface crack between two dissimilar magnetoelectroelastic
plates under several kinds of electrical and magnetic boundary conditions. However, to the best of our
knowledge, few study focus on a three-dimensional interface crack problem in magnetoelectroelastic
bimaterials.
Therefore, it is the purpose of this work to present a method to analyze planar interface cracks of arbi-
trary shape in three-dimensional magnetoelectroelastic bimaterials and characterize the singular behaviors of
near crack-tip ﬁelds. After the Introduction, the basic equations are given in Section 2. Based on the fun-
damental solutions (Ding et al., 2005) and the Somigliana identity, the displacement, the electric and mag-
netic potentials at any point for an internal crack parallel to the interface are expressed in terms of the
extended displacement discontinuities across the crack surfaces in Section 3. Then, in Section 4, the bound-
ary integral–diﬀerential equations for impermeable interface cracks are obtained. An analysis method is
developed for analyzing planar interface cracks of arbitrary shape in three-dimensional magnetoelectroelas-
tic bimaterials in Section 5. Section 6 studies the singular indexes and the singular behaviors and deﬁnes
three new extended stress intensity factors at crack tip. An electrically and magnetically permeable crack
is discussed in Section 7. Numerical results are given in Section 8, and ﬁnally in Section 9 the present paper
is concluded.2. Basic equations
For a three-dimensional transversely isotropic magnetoelectroelastic bimaterial with the poling direction
being along the z-axis in the Cartesian coordinate system oxyz, in the absence of body force, electric charge
and electric current, the governing equations are given byrij;j ¼ 0;
Di;i ¼ 0; i; j ¼ 1; 2; 3ðx; y; zÞ;
Bi;i ¼ 0;
ð1Þ
rij ¼ cijklðuk;l þ ul;kÞ=2þ ekiju;k þ fkijw;k;
Di ¼ eiklðuk;l þ ul;kÞ=2 eiku;k  gikw;k;
Bi ¼ fiklðuk;l þ ul;kÞ=2 giku;k  uikw;k;
ð2Þwhere rij, Di and Bi are the stress, electric displacement and magnetic induction, respectively. u(u1),
v(u2) and w(u3) are the displacements, and u and w are, respectively, the electric potential and mag-
netic potential. cij, eij, fij, eij, gij and lij are the elastic constants, piezoelectric constants, piezomagnetic con-
stants, dielectric permittivity, electromagnetic constants and magnetic permeability, respectively. A
subscript comma denotes the partial diﬀerentiation with respect to the following coordinate.
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3.1. Boundary condition
Consider a three-dimensional transversely isotropic magnetoelectroelastic bimaterial with the interface
being parallel to the plane of isotropy. A Cartesian coordinate system is set up such that the oxy-plane lies
in the interface. An arbitrarily shaped planar crack S lies in the plane z = H(H > 0). The upper and lower faces
of crack S are, respectively, denoted by S+ and S, as schematically shown in Fig. 1.
The outer normal vectors of S+ and S are, respectively, given byfnigþ ¼ f0; 0;1g; fnig ¼ f0; 0; 1g: ð3Þ
The electrically and magnetically impermeable condition on crack faces is expressed byDzðx; y; 0þÞ ¼ Dzðx; y; 0Þ ¼ 0;
Bzðx; y; 0þÞ ¼ Bzðx; y; 0Þ ¼ 0;
ð4Þwhere Dz and Bz are the electric displacement and the magnetic induction in the z-direction.
As we know, the problem can be regarded as the superposition of two problems. One is the no crack prob-
lem with the given applied loadings. And the other is the perturbed problem with the loadings being applied on
crack faces. The ﬁrst problem is analyzed to obtain the uncracked extended tractions on the crack faces. Thus,
the boundary conditions on the crack faces of the perturbed problem can be written aspijSþ ¼ pijS ; xjSþ ¼ xjS ; cjSþ ¼ cjS ; ði ¼ 1; 2; 3 or x; y; zÞ; ð5Þ
where the extended tractions arepi ¼ rijni; x ¼ Dini; c ¼ Bini: ð6Þ
Eq. (5) demonstrates that the loadings on the upper and lower crack faces are equal but opposite in sign.3.2. Extended displacements expressed in terms of extended displacement discontinuity
By using of the fundamental solutions (Ding et al., 2005) given in Appendix A and the Somigliana identity
for two-phase magnetoelectroelastic media under the electrically and magnetically impermeable conditions,
the displacements ui, the electric potential u and the magnetic potential w at any internal point (x,y,z) can









Fig. 1. An arbitrarily shaped planar internal crack S in a magnetoelectroelastic bimaterial.
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Z
Sþ
½PFijuj þ XFi uþ CFi wdS 
Z
S




½pjUFij þ xUFi þ cWFi dS þ
Z
S
½pjUFij þ xUFi þ cWFi dS;
uðx; y; zÞ ¼ 
Z
Sþ
½PDj uj þ XDuþ CDwdS 
Z
S




½pjUDj þ xUD þ cWDdS þ
Z
S
½pjUDj þ xUD þ cWDdS;
wðx; y; zÞ ¼ 
Z
Sþ
½PBj uj þ XBuþ CBwdS 
Z
S




½pjUBj þ xUB þ cWBdS þ
Z
S











i are the tractions, the electric displacement boundary value, the magnetic
induction boundary value, the displacement, the electric potential and the magnetic potential of the funda-
mental solutions corresponding to the unit point force in the ith direction, respectively, and
PDj ; X
D; CD; UDj ; U
D and WD correspond to the unit point electric charge and PBj ; X
B; CB; UBj ; U
B and
WB correspond to the unit point electric currentPFij ¼ rFijknk; XFi ¼ DFiknk; CFi ¼ BFiknk;
PDj ¼ rDjknk; XD ¼ DDk nk; CD ¼ BDk nk;
PBj ¼ rBjknk; XB ¼ DBk nk; CB ¼ BBk nk;
ð8Þwhere the upper indexes F, D and B refer to the variables corresponding to a point force, point electric charge
and point electric current, respectively. For the fundamental solutions, one has the following relations on
crack facesPFijjSþ ¼ PFijjS ; UFijjSþ ¼ UFijjS ;
XFi jSþ ¼ XFi jS ; UFi jSþ ¼ UFi jS ;
CFi jSþ ¼ CFi jS ; WFi jSþ ¼ WFi jS ;
ð9aÞ
PDj jSþ ¼ PDj jS ; UDj jSþ ¼ UDj jS ;
XDjSþ ¼ XDjS ; UDjSþ ¼ UDjS ;
CDjSþ ¼ CDjS ; WDjSþ ¼ WDjS ;
ð9bÞ
PBj jSþ ¼ PBj jS ; UBj jSþ ¼ UBj jS ;
XBjSþ ¼ XBjS ; UBjSþ ¼ UBjS ;
CBjSþ ¼ CBjS ; WBjSþ ¼ WBjS :
ð9cÞSubstituting Eqs. (5) and (9) into Eq. (7) yieldsuiðx; y; zÞ ¼ 
Z
Sþ
½PFijkujk þ XFi kuk þ CFi kwkdS;
uðx; y; zÞ ¼ 
Z
Sþ
½PDj kujk þ XDkuk þ CDkwkdS;
wðx; y; zÞ ¼ 
Z
Sþ
½PBj kujk þ XBkuk þ CBkwkdS;
ð10Þwhere kujk, kuk and kwk are the displacement discontinuities, the electric potential discontinuity and the mag-
netic potential discontinuity across the crack faces, respectively, namely
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kuðn; gÞk ¼ uðn; g; 0þÞ  uðn; g; 0Þ; ðn; gÞ 2 S;
kwðn; gÞk ¼ wðn; g; 0þÞ  wðn; g; 0Þ:
ð11ÞSubstituting the fundamental solutions in Appendix A into Eq. (10) yields the concrete expressions, and then
into the constitutive Eq. (2) obtains the stress, the electric displacement and the magnetic induction ﬁelds ex-
pressed in terms of the extended displacement discontinuities across the crack faces.4. Boundary integral–diﬀerential equations for interface cracks
An internal crack becomes an interface crack asf  H ¼ 0: ð12Þ




















ð13Þafter some algebraic mathematical manipulations, we obtain the boundary integral–diﬀerential equations for a
interface crackZ
sþ
f½K11 cos2 hþ K12 sin2 hkuk þ ðK11  K12Þ sin h cos hkvkg 1r3 dS
þ 2pK41 okwkox þ 2pK42
okuk
ox
þ 2pK43 okwkox ¼ px; ð14aÞZ
sþ
fðK11  K12Þ sin h cos hkuk þ ½K11 sin2 hþ K12 cos2 hkvkg 1r3 dS
þ 2pK41 okwkoy þ 2pK42
okuk
oy
þ 2pK43 okwkoy ¼ py ; ð14bÞZ
sþ





















Þ ¼ c; ð14eÞwherer2 ¼ ðx nÞ2 þ ðy  gÞ2; cos h ¼ ðn xÞ=r; sin h ¼ ðg yÞ=r; ð15Þ
and the coeﬃcients Ks with diﬀerent subscript ‘‘s’’ are material constants given in Appendix B.
Note that the kernels in Eq. (14) have the singularity r3, and hence the integral–diﬀerential equations are
hyper-singular ones. It should be pointed out that the boundary integral–diﬀerential equations are applicable
to multiple coplanar interface cracks.
When the bimaterial becomes homogeneous,K41 ¼ K42 ¼ K43 ¼ K1 ¼ K2 ¼ K3 ¼ 0; ð16Þ
the diﬀerential terms in Eq. (14) disappear. Therefore, the boundary integral–diﬀerential equations are re-
duced to the hyper-singular boundary integral equations derived by Zhao et al. (2007).
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In this section, a solution method will be proposed based on the analogy between the obtained boundary
integral–diﬀerential equations for interface cracks in magnetoelectroelastic bimaterials and those in purely
elastic media.
5.1. Solutions of boundary integral equation
5.1.1. Solutions for the extended displacement discontinuity kwk + C1kuk + C2kwk
Combing Eqs. (14c) and (14d) yieldsðKz1  C3Kz12Þ
Z
Sþ
½kwk þ C1kuk þ C2kwk 1r3 dS ¼ pz þ C3x; ð17Þwhere C1, C2 and C3 are constants related to the material constants and given byC1 ¼ Kz2  C3Kz22Kz1  C3Kz12 ; C2 ¼
Kz3  C3Kz32
Kz1  C3Kz12 ; C3 ¼ K1=K2: ð18ÞIt shows that Eq. (17) is the hyper-singular boundary integral equation for the combined extended displace-
ment discontinuity kwk + C1kuk + C2kwk. For the same crack S in the oxy-plane in a purely elastic medium
subjected to the traction tz(x,y) along the z-axis on the crack face, Ioakimidis (1982) gave the boundary inte-






dS ¼ tzðx; yÞ; ð19Þwhere E and m are, respectively, the Young’s modulus and Poisson’s ratio of the elastic medium. On lettingE
8pð1 m2Þ ¼ Kz1  C3Kz12; ð20Þ
tzðx; yÞ ¼ pz  C3x; ð21Þ
It can be seen that Eqs. (17) and (19) are identical in form and, thus, they have the same solutionkwk þ C1kuk þ C2kwk ¼ kW k: ð22Þ
Eq. (22) indicates that the solution of the combined extended displacement discontinuity kwk + C1kuk
+ C2kwk can be directly obtained from the corresponding elastic solution.
5.1.2. Solutions for the extended stress rzz  C3Dz and the extended intensity factor KI1
The stress and the electric displacement near the crack tip in the crack plane can be expressed in the fol-
lowing formrzz  C3Dz ¼ ðKz1  C3Kz12Þ
Z
Sþ






dS; ð24Þwhere R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx nÞ2 þ ðy  gÞ2
q
> 0.
From Eqs. (22)–(24) and the conclusion of purely elastic fracture mechanics, it can be seen that the com-
bined extended stress rzz  C3Dz has the classical singularity r1/2 near the interface crack tip in a magneto-
electroelastic bimaterial, where r denotes the distance to the crack tip.
















ðrzz  C3DzÞ; ð26aÞand thus can be calculated byKI1 ¼ ðKz1  C3Kz12Þ lim
q!0
kwk þ C1kuk þ C2kwkﬃﬃﬃ
q
p : ð26bÞFinally, combining Eqs. (20)–(22) and Eqs. (25b)–(26b) yieldsKI1 ¼ KMI : ð27Þ
The ﬁrst Mode I intensity factor KI1 is found to be one of the parameters characterizing the singular extended
stresses near the interface crack tip
5.1.3. Solutions for the extended displacement discontinuity kwk + C4kuk + C5kwk, the extended stress
rzz  C6Bz and the extended intensity factor KI2
Similarly, combining Eqs. (14c) and (14e) givesðKz1  C6Kz13Þ
Z
Sþ
½kwk þ C4kuk þ C5kwk 1r3 dS ¼ pz þ C6c; ð28aÞand an extended stress near the crack tip in the crack plane are introducedrzz  C6Bz ¼ ðKz1  C6Kz13Þ
Z
Sþ
½kwk þ C4kuk þ C5kwk 1r3 dS: ð28bÞThus, in the same way as in the last subsection, another intensity factor for interface crack in a magnetoelec-





ðrzz  C6BzÞ; ð29aÞand expressed in the extended displacement discontinuitiesKI2 ¼ ðKz1  C6Kz13Þ lim
q!0
kwk þ C4kuk þ C5kwkﬃﬃﬃ
q
p ; ð29bÞwhereC4 ¼ Kz2  C6Kz23Kz1  C6Kz13 ; C5 ¼
Kz3  C6Kz33
Kz1  C6Kz13 ; C6 ¼
K1
K3
: ð30ÞAt last, one hasKI2 ¼ KMI : ð31Þ
The intensity factor KI2 is the second extended intensity factor deﬁned to characterize the extended stresses
near the interface crack tip.
5.2. Solutions of boundary integral–diﬀerential equations
For the same interface crack problem in a three-dimensional isotropic elastic bimaterial, the boundary inte-
gral–diﬀerential equations are given by Tang et al. (1998)
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Sþ








~u1ðn; gÞdSðn; gÞ þ
Z
Sþ
3ð1 g1 þ g2Þ
ðg2  1Þ
 ðx nÞðy  gÞ
r5














~u2ðn; gÞdSðn; gÞ þ
Z
Sþ
3ð1 g1 þ g2Þ
ðg2  1Þ
 ðx nÞðy  gÞ
r5






















; k1 ¼ 3 4m1; k2 ¼ 3 4m2: ð35Þwhere l1, m1, l2 and m2 are, respectively, the shear modulus and Poisson’s ratio of the two bonded half spaces
containing Material 1 in the upper region and Material 2 in the lower region, respectively. And ~u1, ~u2 and ~u3
are the displacement discontinuities, and p1, p2 and p3 are the tractions on the crack faces along the x-, y- and
z-direction, respectively.
For the boundary integral–diﬀerential equations of magnetoelectroelastic bimaterials, Eqs. (14a) and (14b)
can be rewritten asZ
sþ
f½K11 cos2 hþ K12 sin2 hkuk þ ðK11  K12Þ sin h cos hkvkg 1r3 dS









fðK11  K12Þ sin h cos hkuk þ ½K11 sin2 hþ K12 cos2 hkvkg 1r3 dS







¼ py : ð36bÞCombining Eqs. (14c)–(14e) givesðKz1 þ C7Kz12 þ C8Kz13Þ
Z
sþ
kwk þ Kz2 þ C7Kz22 þ C8Kz23
Kz1 þ C7Kz12 þ C8Kz13 kuk þ
Kz3 þ C7Kz32 þ C8Kz33









¼ ðpz þ C7xþ C8cÞ; ð36cÞwhere C7 and C8 are constants to be determined.
DeﬁningKz2 þ C7Kz22 þ C8Kz23




Kz3 þ C7Kz32 þ C8Kz33
Kz1 þ C7Kz12 þ C8Kz13 ¼
K43
K41
¼ C10; ð38Þsolving Eqs. (37) and (38) determines the constants C7 and C8
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C8 ¼ ðKz32Kz2  Kz22Kz3Þ þ C9ðKz12Kz3  Kz1Kz32Þ þ C10ðKz1Kz22  Kz12Kz2ÞðKz22Kz33  Kz23Kz32Þ þ C9ðKz13Kz32  Kz12Kz33Þ þ C10ðKz12Kz23  Kz13Kz22Þ :






























































where L is a constant to be determined, and kw*k is the combined extended displacement discontinuity given bykwk ¼ Lðkwk þ C9kuk þ C10kwkÞ: ð43Þ
Comparing the coeﬃcients in Eqs. (32)–(34), and Eqs. (40)–(42), on lettingLK12
K41





¼ 3ð1 g1 þ g2Þ
g2  1
;
Kz1 þ C7Kz12 þ C8Kz13




px ¼ C11p1; py ¼ C11p2; C12ðpz þ C7xþ C8cÞ ¼ C11p3; ð45Þ
one obtainsL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ





Lð2K11 þ K12Þ  3K41 ;
g2 ¼
Lð2K11 þ K12Þ þ 3K41
Lð2K11 þ K12Þ  3K41 ;
ð46aÞ
C11 ¼ 2pðl1 þ k1l2ÞK41Ll1l2ðg2  1Þ
;
C12 ¼  K41LðK1 þ c7K2 þ c8K3Þ :
ð46bÞFrom Eqs. (32)–(34), and Eqs. (40)–(42), it is found that the boundary integral equations for interface cracks
in magnetoelectroelastic media and those in elastic media are identical in form, therefore, the solutions should
be the samekuk ¼ ~u1; kvk ¼ ~u2; kwk ¼ ~u3: ð47Þ
Thus, it can be seen from Eq. (47) that the solution of an interface crack in a magnetoelectroelastic bimaterial
can be obtained by using the solution of the corresponding purely elastic problem.
6. Singularity index and singular behaviors of near crack-tip ﬁelds
6.1. Singularity index
The singular behaviors near crack-tip ﬁelds are analyzed following Tang et al. (1998). Assume that an








Fig. 2. The local coordinate system in the crack tip.
M.H. Zhao et al. / International Journal of Solids and Structures 45 (2008) 1804–1824 1813C is smooth at point o. Without loss of generality, the Cartesian coordinate system oxyz is oriented so that
the x-direction and y-direction are normal and tangent to C, respectively, as schematically shown in Fig. 2.
On a given small circular area R of radius d centered at point o contained in S, the hyper-singular parts of




















ðK11  K12Þ ðx nÞðy  gÞr5 kuk þ
K12
r3





















; ð48cÞwhere Fx, Fy and FMDB are all ﬁnite functions for (x,y) 2 R.
In the neighborhood of point o for a small R, the displacement, the electric potential discontinuities and the
magnetic potential discontinuities are given bykuðn; gÞk ¼ A1ðoÞna1 ; kvðn; gÞk ¼ A2ðoÞna2 ; kwðn; gÞk ¼ A3ðoÞna3 ; ð49Þ
where A2(o) is arbitrary real constants, A1(o) and A3(o) are all complex constants (Tang et al., 1998), ai are the
singularity indexes, and0 < Re½ai < 1: ð50Þ
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LðK1 þ C7K2 þ C8K3Þ
Kz1 þ C7Kz12 þ C8Kz13 A1ðoÞ  A3ðoÞ cot pb ¼ 0;
A3ðoÞ cot pa2 ¼ 0;











 ie; ð54Þwhere e is related to the bimaterial properties by Eqs. (53) and (44). Eq. (54) shows that the displacement dis-
continuity kvk has the classical singularity index 1/2, while kuk or kw*(n,g)k has the singularity index 1/2 ± ie
as the case in purely elastic bimaterials.
6.2. Near-tip extended stress ﬁelds and intensity factors
The extended stresses at point (r, 0,0) near the crack tip outside of the crack are obtained based on the






















































































~u3ðn; gÞdndg; ð56cÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqfor a purely elastic bimaterial, where R ¼ ððxþ rÞ2 þ y2Þ > 0.
The results show that the stress r32 has the classical singularity r
1/2, while r31 and r33 have the singularity
r1/2+ie(Tang et al., 1998). Thus, it can be concluded that the stress rzy has the classical singularity r
1/2, while
rzx and rzz + C7Dz + C8Bz have the singularity r
1/2+ie by comparing Eq. (55) with Eq. (56).















ð57Þand expressed in terms of the displacement discontinuities (Tang et al., 1998)

































































ð60ÞConsidering Eq. (35), Eqs. (44)–(47), Eq. (58) and Eq. (60), the following relationship are obtainedKI3 þ iKII ¼ KMI þ iKMII ; KIII ¼ KMIII: ð61Þ
The intensity factor KI3 is the third fracture parameter deﬁned near the crack tip.
It should be pointed out that Eqs. (27), (31) and (61) are independent of the shape, the dimension and the
geometry of the crack and the distribution of the mechanical–electric–magnetic loading. And they can be cal-
culated directly using the corresponding solutions of purely elastic problem, which have been studied inten-
sively and extensively. The similar conclusion was reached for planar cracks in three-dimensional
homogeneously transversely isotropic magnetoelectroelastic material (Zhao et al., 2007).
7. Solutions for electrically and magnetically permeable interface cracks
The electrically and magnetically permeable condition is another important condition on crack face given bykuk ¼ uðx; y; 0þÞ  uðx; y; 0Þ ¼ 0;
kwk ¼ wðx; y; 0þÞ  wðx; y; 0Þ ¼ 0; ð62aÞ
Dzðx; y; 0þÞ ¼ Dzðx; y; 0Þ ¼ Dcz ;
Bzðx; y; 0þÞ ¼ Bzðx; y; 0Þ ¼ Bcz ;
ð62bÞwhere Dcz and B
c
z , respectively, denotes the electric displacement and the magnetic induction in the z-axis direc-
tion in the crack cavity. By using the same derivation procedure in Section 4 and the Gauss theory, the dis-
placement discontinuity boundary integral–diﬀerential equations are obtainedZ
sþ





ðK11  K12Þ sin h cos hkuk þ ½K11 sin2 hþ K12 cos2 hkvkg 1r3 dS þ 2pK41
okwk
oy
¼ py ; ð63bÞZ
sþ














þ Dcz ¼ x; ð63dÞZ
sþ






þ Bcz ¼ c; ð63eÞ
1816 M.H. Zhao et al. / International Journal of Solids and Structures 45 (2008) 1804–1824where the displacement discontinuities kuk, kvk, kwk, the electric displacement Dcz and the magnetic induction
Bcz in the crack cavity are the unknowns to be determined.




































































pz; ð64cÞwhere Lp is a constant to be determined, andkwk ¼ Lpkwk: ð65Þ
Lettingkuk ¼ ~u1; kvk ¼ ~u2; kwk ¼ ~u3; ð66Þ
px ¼ Cp11p1; py ¼ Cp11p2; Cp12pz ¼ Cp11p3; ð67ÞgivesLp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ






Lpð2K11 þ K12Þ  3K41 ; g
p
2 ¼
Lpð2K11 þ K12Þ þ 3K41





; Cp12 ¼ 
K41
LpK1
: ð68bÞIn the above equations, the superscript ‘‘p’’ is attached to denote the corresponding quantities under perme-
able condition. The results demonstrate that the displacement discontinuities can be obtained directly from the
solutions of the corresponding elastic problem, which depend only on the mechanical loadings. Furthermore,
the electric displacement Dcz and the magnetic induction B
c


























dS: ð69bÞIt can be easily obtained that that the stress rzy has the classical singularity r
1/2, while rzx and rzz have the
singularity r1=2þie
p
, andDz ¼ Kz12Kz1 rzz; Bz ¼
Kz13
Kz1































































ð72ÞThe results show that the intensity factors, the displacement Dz and magnetic induction Bz are dependent only
on the mechanical loadings.8. Numerical examples and discussions
8.1. Material related constants
In the open literature, only one kind of magnetoelectroelastic material, i.e., the BaTiO3&CoFe3O4 compos-
ite, can be found with BaTiO3as the inclusion and CoFe2O4 as the matrix. The piezoelectric volume fraction of
the inclusion is denoted by Vi. The following mixture rule is used to determine the composite material con-
stants correspondingly from those of the piezoelectric inclusion and the piezomagnetic electric matrix (Song
and Sih, 2003)Kc ¼ KiV i þ Kmð1 V iÞ; ð73Þwhere the superscripts ‘‘c’’, ‘‘i’’ and ‘‘m’’ represent the composite, inclusion and matrix, respectively.
In the present paper, other composites of 5 piezoelectric ceramics, such as PZT-4, PZT-5H, PZT-6B, PZT-
7A and P-7 with the piezomagnetic materials, namely CoFe2O4, are also used in the numerical calculations.
The magnetoelectroelastic bimaterial is obtained by assigning two kinds of these composites in the upper
and lower half-spaces with the volume fractions denoted by V þi and V

i , respectively. The material constants
are listed in Table 1 (Huang et al., 1998; Chue and Liu, 2005; Ou and Wu, 2003). The magnetic constants of
the used piezoelectric ceramics are assumed to be the same as those of BaTiO3 because these constants are
non-available. It should be pointed out that the value of l11 of CoFe2O4 was negative in (Huang et al.,
1998). However, the negative value is questionable because it causes a negative internal energy and the Stroh
formalism cannot be applied (Pan, 2002). The handbook (Neelakanta, 1995) indicates that the magnetic per-
meability of ferrimagnetic materials, such as CoFe2O4, should be positive. Therefore, positive values were used
in recent research (Sih et al., 2003). Recently, this issue was discussed by (Chue and Liu, 2005; Wang and Mai,1
al properties for some piezoelectric ceramics and CoFe2O4
al constants PZT5H PZT4 PZT6B PZT7A P7 BaTiO3 CoFe2O4
10 Nm2) 12.6 13.9 16.8 14.8 13.0 16.6 28.6
10 Nm2) 5.50 7.78 6.00 7.62 8.30 7.7 17.3
10 Nm2) 5.30 7.43 6.00 7.42 8.30 7.8 17.05
10 Nm2) 11.7 11.3 16.3 13.1 11.9 16.2 26.95
10 Nm2) 3.53 2.56 2.71 2.54 2.50 4.3 4.53
2) 6.50 6.98 0.90 2.10 10.3 4.4 0
2) 23.3 13.8 7.10 9.50 14.7 18.6 0
2) 17.0 13.4 4.60 9.70 13.5 11.6 0
10 C(Vm)1) 151.0 60.0 36.0 81.1 171 112.0 0.8
10 C(Vm)1) 130.0 54.7 34.0 73.5 186 126.0 0.93
10 Ns2 C2) — — — — — 5 · 104 590 · 104
10 Ns2 C2) — — — — — 10 · 104 157 · 104
Am)) — — — — — 0 580.3
Am)) — — — — — 0 699.7
Am)) — — — — — 0 550.0
Volume fraction Vi
-
















Oscillatory index ε for Vi
+=0.5




i ¼ 0:5 under impermeable boundary condition.
1818 M.H. Zhao et al. / International Journal of Solids and Structures 45 (2008) 1804–18242007). For these reasons, a positive value is also assigned to l11 in the numerical calculations in the present
paper.
Fig. 3 shows the singularity index e for an impermeable crack versus diﬀerent volume fraction V i in the
lower half space and V þi in the upper half space for composite BaTiO3&CoFe2O4. The singularity index e
is always a real number. When the bimaterial becomes homogenous, i.e., V þi ¼ V i , e = 0, the oscillatory sin-
gularity disappears. The diﬀerence between the singularity indexes under permeable boundary condition and
impermeable boundary condition is less than 2%.
The numerical results demonstrate that there are two groups of transversely isotropic magnetoelectroelastic
bimaterials for an impermeable crack. One is for those with real values of e, and the other for those with pure
imagery values of e. When e is a pure imaginary number, we denote e as ij. Thus the other kind of singularity
index j is found. It should be pointed that the singularity index e is always a real number under electromag-
netic permeable boundary condition. This indicates that only oscillatory singularity index exists under perme-
able boundary condition.
The coeﬃcients of several bimaterials in Eq. (14) are calculated and tabulated in Table 2. And the material
related constants of several bimaterials are calculated and listed in Table 3.8.2. Solution of a penny-shaped interface crack
Consider a penny-shaped interface crack of radius a, subjected to a uniform mechanical pressure pz, a uni-
form electric displacement boundary value x and a uniform magnetic displacement boundary value c on the
crack faces.
Based on the solution method proposed, the extended stress intensity factorsKI1,KI2, KI3 and KII under elec-
trically and magnetically impermeable boundary condition can be obtained easily according to the corre-















þ ie  ;
ð74Þwhere C is the Gamma function.
For the bimaterial with the upper half-space containing PZT5H&CoFe2O4 and the lower half-space con-
taining PZT6B&CoFe2O4, V
þ
i ¼ V i ¼ 0:5, the singularity index e = 0.0077484, thusKI3 þ iKII ¼ ðpz þ C7xþ C8cÞa1=2ð1:13187þ 0:0209293  iÞ: ð75Þ
Table 2
Coeﬃcients in Eq. (16) for some other magnetoelectroelastic bimaterials for V þi ¼ V i ¼ 0:5 (the sign C stands for CoFe2O4)
Coeﬃcients PZT5H&C/PZT6B&C PZT6B&C/PZT7A&C PZT4&C/P7&C
K11/10
9 8.0125 7.6449 7.5826
K12/10
9 1.23071 1.24562 0.78917
K41/10
9 0.14498 0.03683 0.07478
Kz1/10
9 0.00254 0.00051 0.15938
K43 0.6075 0.31956 0.27163
K42 5.55435 5.30634 4.88704
Kz2 0.24149 0.19749 0.42451
Kz3 12.0706 11.8798 11.6848
K1/10
9 0.14498 0.03683 0.07478
Kz12 0.24149 0.19749 0.42451
Kz22/10
9 0.23820 0.20325 0.40392
Kz32/10
9 0.40165 0.37029 0.73552
K2 0.00254 0.00051 0.15938
Kz13 12.0706 11.8798 11.6848
Kz23/10
9 0.40165 0.37029 0.73552
Kz33/10
9 12592.0 12594.0 12596.6
K3 0.6075 0.31956 0.27163
Table 3
Material related constants of some other magnetoelectroelastic bimaterials for V þi ¼ V i ¼ 0:5 (the sign ‘‘C’’ stands for CoFe2O4)
Constants PZT5H&C/PZT6B&C PZT6B&C/PZT7A&C PZT4&C/P7&C
C1/10
9 0.69026 1.6586 0.04620
C2/10
9 0.56011 4.30299 2.2295
C3/10
9 56.99 72.392 0.46918
C4/10
9 0.01726 0.06100 0.37535
C5/10
9 354.837 371.696 2082.94
C6/10
9 0.23866 0.11526 0.27529
C7/10
9 1.44639 0.61016 21.8103
C8/10
9 0.00289 0.00279 0.00345
C9/10
9 0.01755 0.01381 2.13139
C10/10
9 4.19015 8.67634 3.6326
L 1.03569 0.99713 0.13094
g1 1.24425 1.21783 1.03704
g2 1.04989 0.98669 0.80607
C12 1.00314 1.01896 0.16078
e or j e = 0.007748 e = 0.002133 j = 0.034049
Lp 0.98268 0.98119 0.95861
gp1 1.24592 1.2177 1.13179
gp2 1.05265 0.98647 0.97109
Cp12 1.01763 1.01918 1.04317
ep ep = 0.008167 ep = 0.002168 ep = 0.004669
M.H. Zhao et al. / International Journal of Solids and Structures 45 (2008) 1804–1824 1819The singularity is oscillatory, and Mode I loadings induce Mode II intensity factors.
For the bimaterial PZT4&CoFe2O4/P7&CoFe2O4, however, the singularity index j = 0.034049, and one hasKI3 þ iKII ¼ 0:166829ðpz þ C7xþ C8cÞa1=2: ð76Þ
In this case, Mode I loadings can only induce Mode I intensity factor.9. Concluding remarks
The proposed analysis method based on the hyper-singular boundary integral equation approach reveals
the relationship among the boundary integral–diﬀerential equations for magnetoelectroelastic and purely elas-
tic bimaterials. The method is versatile and independent of the crack shape and the loadings on the crack
faces. The results demonstrates that the solution of an interface crack in a three-dimensional transversely iso-
1820 M.H. Zhao et al. / International Journal of Solids and Structures 45 (2008) 1804–1824tropic magnetoelectroelastic bimaterial can be obtained directly from the counterpart of the corresponding
purely elastic bimaterial, which has been studied extensively and intensively.
It is interesting to note that the combined extended stresses rzz  C3Dz and rzz  C6Bz have the classical
singularity r1/2 near an impermeable interface crack border, while the combined extended stress
rzz + C7Dz + C8Bz has the oscillating singularity r
1/2+ie or non-oscillating singularity r1/2+j according to
the property of diﬀerent magnetoelectroelastic bimaterials. The indexes e and j do not coexist for one bima-
terial. The three new extended stress intensity factors deﬁned by the combined extended stresses may function
as the basic parameters in fracture mechanics of magnetoelectroelastic bimaterials. Under the permeable elec-
tromagnetic condition, the extended stresses have only the oscillating singularity r1/2+ie near crack border
and depend only on the mechanical loadings.
The derived boundary integral–diﬀerential equations are also applicable to co-planar multi interface cracks
in three-dimensional transversely isotropic magnetoelectroelastic bimaterials.Acknowledgments
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The following material related constants for a transversely isotropic magnetoelectroelastic material will be
used in the fundamental solutionsaim ¼ kmisi; i ¼ 1–4; m ¼ 1–3;
ni ¼ ðc13ai1 þ e31ai2 þ f31ai3Þsi  c12;
x51 ¼ c44s5; x52 ¼ e15s5; x53 ¼ f15s5;
#i1 ¼ ðc33ai1 þ e33ai2 þ f33ai3Þsi  c13;
#i2 ¼ ðe33ai1  e33ai2  g33ai3Þsi  e31;
#i3 ¼ ðf33ai1  g33ai2  l33ai3Þsi  f31;
xi1 ¼ c44ðsi þ ai1Þ þ e15ai2 þ f15ai3;
xi2 ¼ e15ðsi þ ai1Þ  e11ai2  g11ai3;
xi3 ¼ f15ðsi þ ai1Þ  g11ai2  l11ai3;
ðA:1Þwhere si are the roots of the material characteristic equation and kmi are the material related constants given in
Zhao et al. (2006a).A.1. Fundamental solutions corresponding to unit point force P3 in the z-direction
With regard to the fundamental solutions of a point forces, point charge and point electric current applied at
the point (0,0,h) in the interior of a transversely isotropic magnetoelectroelastic bimaterial with the interface
being parallel to the plane of isotropy, a Cartesian coordinate system oxyz is chosen such that the xoy-plane lies
in the interface. Using the derivation procedures of Ding et al. (2005), the fundamental solutions are obtained.
In the upper half space, zP 0, the extended stresses of the fundamental solution corresponding to the point
































































; ðA:3Þwherezi ¼ siz; hi ¼ sih; zij ¼ hi þ zj; Rij ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2 þ z2ij
q
; zij ¼ hi  zj; Rij ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2 þ z2ij
q
;
eRij ¼ Rij þ zij; bRij ¼ Rij  zij; R^ij ¼ Rij  zij; ði; j ¼ 1–4; and i ¼ j ¼ 5Þ; ðA:4Þ
and variables with a prime refer to the half-space z 6 0 and those without a prime correspond to the half-space
zP 0, and sx1 = sxz, sx2 = Dx, sx3 = Bx, sy1 = syz, sy2 = Dy, sy3 = By, r1 = rzz, r2 = Dz, r3 = Bz. The related










































j1: ðA:5ÞSolutions corresponding to unit point charge P4 and point current P5 are in the same form as Eqs. (A.2)–
(A.4), but P3 and Ai should be replaced, respectively, by P4and Bi and P5 and Ci. Coeﬃcients Bi and Ci are
determined byP4
i¼1
Bi ¼ 0; 4p
P4
i¼1
#i1Bi ¼ 0; 4p
P4
i¼1







































Ci ¼ 0; 4p
P4
i¼1
#i1Ci ¼ 0; 4p
P4
i¼1




































ðA:7ÞA.2. Fundamental solutions corresponding to unit point force P1 in the x-direction




















































































































































; ðA:9cÞwhere the coeﬃcients Di, Dij and D
0
ij are determined byX4
i¼1
aimDi ¼ 0; s5D5 þ
X4
i¼1
siDi ¼ 0; 2pc44s5D5  2p
X4
i¼1
































jm: ðA:10ÞBy simple coordinate transformation, solutions to the problem of unit point force P2 in the y-direction can be
easily obtained from the above solutions.
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X4
i¼1
#i1K 0j; K42 ¼
X4
i¼1
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